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a b s t r a c t
Let G denote a simple graph and let Ik denote the graph on k isolated vertices. The
competition number of G is the minimum integer k such that G ∪ Ik is the competition
graph of an acyclic digraph. We show that if n ≥ 5 is odd, then the competition number of
the complete tetrapartite graph K 4n is at most n
2−4n+8. We also show that if n is a prime
integer andm ≤ n, then the competition number of Kmn is at most n2 − 2n+ 3.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Competition graphs were introduced by Cohen [2] in 1968 to study digraph representations of ecological communities.
We use D to denote such a representation. All predator/prey relationships in the community are represented by arcs in D,
with an arc originating at the predator and being directed towards the prey. If two predators have a common prey, they are
said to be in competition. The simple graph on the same vertex set as D and containing the edge {u, v} if and only if u and
v are in competition is the competition graph of D (we use C(D) to denote this simple graph). An interesting question to
ask for any simple graph G is whether or not there exists an acyclic digraph whose competition graph is G. In [12], Roberts
observed that for each graph G and for a sufficiently large integer k, there is an acyclic digraph D such that C(D) = G ∪ Ik,
where Ik denotes the graph on k isolated vertices.
The minimum k such that G ∪ Ik is the competition graph of an acyclic digraph is the competition number of G and it
is denoted by k(G). Thus G is the competition graph of an acyclic digraph if and only if k(G) = 0. In general, the problem
of computing k(G) is NP-hard [7]. Therefore we restrict ourselves to a less general problem. In this paper, we attempt to
compute the competition numbers of complete multipartite graphs. The following results are what is currently known. We
use Kmn to denote the completem-partite graph in which each set of the vertex partition contains n vertices.
Proposition 1.1 ([12]). If G is a triangle-free connected graph, then k(G) = |E(G)| − |V (G)| + 2.
A trivial application of Proposition 1.1 is the competition number of complete bipartite graphs.
Corollary 1.1. The competition number of the complete bipartite graph Kn1,n2 is n1n2 − n1 − n2 + 2.
Recently, Kim and Sano [6] have found the competition number of the complete tripartite graph K 3n .
Theorem 1.1. The competition number k(K 3n ) is n
2 − 3n+ 4.
Park et al. [8] found the competition number of Kmn when n = 2 and n = 3.
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Fig. 1. Latin square of order 5.
Theorem 1.2. If m ≥ 2 and m ≥ 3, then k(Km2 ) = 2 and k(Km3 ) = 4 respectively.
Form and n in general, the best known upper and lower bounds were found by Park et al. [9]. In the theorem below, L(n)
denotes the largest size of a family of mutually orthogonal latin squares of order n.
Theorem 1.3. If m and n are positive integers in which 3 ≤ m ≤ L(n)+ 2, then
n2 −mn+m+ 1 ≤ k(Kmn ) ≤ n2 − n+ 1.
Park et al. [9] found tighter bounds whenm = 4 and n is prime.
Theorem 1.4. If n ≥ 5 is a prime number, then
n2 − 4n+ 6 ≤ k(K 4n ) ≤ n2 − 4n+ 8.
In this paper, we improve Theorem 1.4 to n being an odd integer. We also improve the upper bound in Theorem 1.3. We
show that if n is a prime integer andm ≤ n, then k(Kmn ) ≤ n2 − 2n+ 3.
Although we do not do so, it would be interesting to study the competition number of the complete m-partite graph
Kn1,...,nm since very little is currently known. Competition numbers for other classes of graphs have recently been studied. In
particular, competition numbers are known for Johnson graphs [5] and Hamming graphs [10,11].
2. The competition number of K 4n when n is odd
Competition numbers are generally computed by first finding edge clique covers. A clique of a graph G is a subset
S ⊆ V (G) such that the subgraph induced on S is complete. An edge clique cover of G is a family of cliques {S1, . . . , Sn}
such that {u, v} ∈ E(G) if and only if {u, v} ⊆ Si for some i. The minimum size of an edge clique cover of G is called the edge
clique cover number of G and it is denoted by θe(G). Trivially, for any graph G, k(G) ≤ θe(G).
Constructions for minimal edge clique covers of Kmn are well-known (they use families of mutually orthogonal latin
squares) and it is well-known that θe(K 4n ) = n2. However, in order to find the competition number of K 4n , we must find
an edge clique cover that maximizes |{i : N−D (vi) ≠ ∅}|, where D is an acyclic digraph with vertex set V (K 4n ) = {v1, . . . , v4n}
and each nonempty neighborhood N−D (vi) corresponds to a clique in K 4n . We use diagonally cyclic latin squares to find such
an edge clique cover of K 4n .
2.1. Diagonally cyclic latin squares
A latin square of order n is an n × n array of the symbol set [n] = {0, 1, 2, . . . , n − 1} in which no symbol appears
twice in a row or column. We use [n] to index the rows and columns of a latin square. Let L be a latin square of order n.
Notationally, it is useful to write L as a set of ordered triples. For a, b, c ∈ [n], (a, b, c) ∈ L if and only if symbol a appears in
cell (b, c) of L. A transversal in L is a set of n triples where no two triples intersect at one of the three coordinates. In Fig. 1,
{(0, 0, 0), (1, 1, 1), (2, 2, 2), (3, 3, 3), (4, 4, 4)} and {(2, 0, 1), (3, 1, 2), (4, 2, 3), (0, 3, 4), (1, 4, 0)} are transversals.
In this paper, the latin squares of interest are those whose diagonals are cyclically generated. For each j ∈ [n], the jth
diagonal of a latin square of order n is the set of cells
Dj = {(0, j), (1, j+ 1), . . . , (n− j− 1, n− 1), (n− j, 0), . . . , (n− 1, j− 1)}.
The n diagonals of a latin square L are cyclically generated when (i, j, k) ∈ L if and only if (i + 1, j + 1, k + 1) ∈ L for all
i, j, k ∈ [n], where arithmetic is performedmodulo n. Fig. 1 contains a latin square of order 5whose 5 diagonals are cyclically
generated. We say that a latin square is diagonally cyclic if its diagonals are cyclically generated. Note that the diagonals of
a diagonally cyclic latin square are transversals. For more information on this class of latin squares, see [1,3,4].
Grüttmüller [4] observed that a diagonally cyclic latin square is completely described by the symbols appearing in its
first row.We use ri to denote the symbol in cell (0, i). Symbols r0, r1, . . . , rn−1 describe a diagonally cyclic latin square if and
only if ri ≠ rj and ri − i ≢ rj − j mod (n) for each i, j ∈ [n]. The latter condition guarantees that each column will contain
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each symbol. These two conditions imply that there are no diagonally cyclic latin squares of even order since if nwere even,
then
n−1
i=0
i = n(n+ 1)
2
≡ n
2
mod (n),
but
n−1
i=0
(ri − i) ≡ 0 mod (n).
This is the reason why our improvement to Theorem 1.4 does not include n being even.
Let n be an odd integer, let p = n+12 and let q = n−12 . We use CLn to denote the diagonally cyclic latin square of order n in
which ri = 2i for each i ∈ [p] and rp+i = 2i+ 1 for each i ∈ [q]. Note that Fig. 1 contains CL5. For each j ∈ [n], we partition
the triples of CLn into the following sets;
Fj = {(a, b, c) : (a, b, c) ∈ CLn and (b, c) ∈ Dj}.
2.2. Main result for K 4n when n is odd
Let n ≥ 5 be an odd integer and let the union of vertices
{a0, . . . , an−1} ∪ {b0, . . . , bn−1} ∪ {c0, . . . , cn−1} ∪ {d0, . . . , dn−1}
be the partite sets of vertices of K 4n . Note that for each x, y, w, z ∈ [n], {ax, by, cw, dz} is a clique of maximum size in K 4n . For
x, y, w, z ∈ [n], set
F = {ax, by, cw, dz} : (y, w, z) ∈ Fx .
Lemma 2.1. Let n ≥ 5 be an odd integer. The family F is an edge clique cover of K 4n of minimum size. Moreover, θe(K 4n ) = n2.
Proof. We will first show that the cliques in F are edge-disjoint. Note that for each x ∈ [n], Fx is a transversal in CLn. So if
S, S ′ ∈ Fx, then certainly S and S ′ cannot intersect at one of their three coordinates. Thus the set cliques {{ax, by, cw, dz} :
y, w, z ∈ [n]} only intersect at ax. For x, x′ ∈ [n], let K be a clique containing ax and let K ′ be a clique containing ax′ . If K and
K ′ intersect at cw and dz , then Fx and Fx′ share the cell (w, z). If K and K ′ intersect at by and cw , then row w of CLn contains
symbol y twice. If K and K ′ intersect at by and dz , then column z of CLn contains symbol y twice. The last three statements
contradict CLn being a latin square; thus any two cliques in F intersect in at most one vertex. Therefore cliques in F are
edge-disjoint.
Certainly |F | = n2 since CLn contains n2 triples. It follows that F covers 6n2 edges. As there are 6n2 edges in K 4n , F is
an edge clique cover of K 4n and θe(K
4
n ) ≤ n2. All maximal cliques in K 4n contain exactly 4 vertices and so θe(K 4n ) ≥ n2. Thus
θe(K 4n ) = n2 and F is a minimal edge clique cover. 
We wish to describe some of the cliques in F that will be used in the next theorem. Note that for each s ∈ [n],
{a0, bs, cs, ds}, {a1, bs+2, cs, ds+1}, {an−1, bs, cs+2, ds+1} ∈ F .
For each s ∈ [n], set
G0s = {a0, bs, cs, ds},
G1s = {a1, bs+2, cs, ds+1} and
G(n−1)s = {an−1, bs, cs+2, ds+1}.
Theorem 2.1. If n ≥ 5 is an odd integer, then
n2 − 4n+ 6 ≤ k(K 4n ) ≤ n2 − 4n+ 8.
Proof. We begin by labeling the vertices of K 4n as v1, v2, . . . , v4n in the following order:
a0, b0, c0, d0, b1, c1, d1, a1, b2, an−1, c2, bn−1, cn−1, dn−1, . . . , b3, c3, d3, an−2, . . . , a2, d2.
We also label 4n− 8 cliques in F as δ1, δ2, . . . , δ4n−8 in the following way. The first 4 cliques are labeled as
δ1 = G00, δ2 = G01, δ3 = G10, δ4 = G(n−1)0.
The next 3n− 9 cliques are labeled as follows: for 1 ≤ t ≤ n− 3,
δ3t+2 = G(n−1)(n−t), δ3t+3 = G1(n−t), δ3t+4 = G0(n−t).
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Fig. 2. L5 .
Fig. 3. Two 4-disjoint transversals in L5 .
For 1 ≤ t ≤ n− 3, let xt , yt , zt ∈ [n] such that {an−t−1, bxt , cyt , dzt } ∈ F and zt ≠ 2. The remaining n− 3 cliques are then
labeled as
δ3n−5+t = {an−t−1, bxt , cyt , dzt }.
We claim that for each 1 ≤ i ≤ 4n − 8, δi ⊆ {v1, . . . , vi+7}. This can readily be verified for i ∈ {1, 2, 3, 4}. For
i ∈ {5, . . . , 4n− 8}, observe that the vertex of maximum index in δi is vi+7.
Finally, we show that k(K 4n ) ≤ n2 − 4n+ 8. Since |F | = n2, there are n2 − 4n+ 8 cliques in F ′ = F \ {δ1, . . . , δ4n−8}.
We label the cliques in F ′ as∆1, . . . ,∆n2−4n+8. Let D be a digraph with the following vertex and arc set:
V (D) = {v1, . . . , v4n} ∪ {z1, . . . , zn2−4n+8}
A(D) =
4n−8
i=1
{(x, vi+8) : x ∈ δi} ∪
n2−4n+8
i=1
{(x, zi) : x ∈ ∆i}.
The digraph D is acyclic since if (vi, vj) ∈ A(D), then i < j. It follows that C(D) = K 4n ∪ In2−4n+8, where {z1, . . . , zn2−4n+8} is
a set of isolated vertices. Therefore k(K 4n ) ≤ n2 − 4n+ 8. From Theorem 3.2 of [9], k(K 4n ) ≥ n2 − 4n+ 6. Thus
n2 − 4n+ 6 ≤ k(K 4n ) ≤ n2 − 4n+ 8. 
3. Bounds for the competition number of Kmn when n is prime
In this section, we find an upper bound for the competition number of Kmn when n is prime andm ≤ n. We will again use
transversals, but transversals in the addition table modulo n.
3.1. The addition table and transversals
Let Ln denote the addition table for the integers modulo n (see Fig. 2 for L5).
Two transversals of a latin square of order n are called (n−1)-disjoint if they share atmost one triple. In Fig. 3 the highlighted
symbols are an example of two transversals in L5 that are 4-disjoint.
Lemma 3.1. Let n and p be positive integers such that p < n. If n is prime and if (k, i, j) ∈ Ln, then (k, i+ p, j+ pl) ∈ Ln if and
only if l+ 1 ≡ 0 mod (n).
Proof. Let n be a prime integer, let p be an integer such that 0 < p ≤ n − 1 and let (k, i, j) ∈ Ln. Suppose that
(k, i+ p, j+ pl) ∈ Ln for some l ∈ [n]. Then i+ p+ j+ pl ≡ k mod (n). Since i+ j ≡ k mod (n), p(l+ 1) ≡ 0 mod (n). It
follows that l+ 1 ≡ 0 mod (n).
Conversely, let (k, i, j) ∈ Ln and suppose that l + 1 ≡ 0 mod (n). Then i + j + p(l + 1) ≡ k mod (n) for any positive
integer p ∈ [n− 1]. Therefore (k, i+ p, j+ pl) ∈ Ln. 
In Ln we wish to find n(n− 2) pairwise (n− 1)-disjoint transversals. For 1 ≤ l ≤ n− 2, set
T (i, j)l = {(s0, i, j), (s1, i+ 1, j+ l), . . . , (sn−1, i+ n− 1, j+ (n− 1)l)},
where sk ≡ (i+ k)+ (j+ kl) mod n for each k ∈ [n]. It is these sets of triples that will make our pairwise (n− 1)-disjoint
transversals. Note that the highlighted symbols of L5 in Fig. 3 are T (0, 0)1 and T (0, 0)2 respectively.
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Lemma 3.2. Let n be a prime integer and let i, j ∈ [n]. Then T (i, j)l is a transversal if and only if 1 ≤ l ≤ n− 2.
Proof. If l ≡ 0 mod (n), then T (i, j)l is column j of Ln. By Lemma 3.1, if (k, i, j) ∈ Ln and if l ≡ n − 1 mod (n), then every
triple in T (i, j)l contains symbol k. Thus, for T (i, j)l to be a transversal, it is necessary that 1 ≤ l ≤ n− 2.
Conversely, suppose that 1 ≤ l ≤ n−2. Since l does not divide n, T (i, j)l consists of n triples that do not intersect at a row
or column in Ln. Suppose that there are integers p and q such that p, q ∈ [n] and (k, i+ p, j+ pl), (k, i+ q, j+ ql) ∈ T (i, j)l.
It follows that p(l+ 1) ≡ q(l+ 1) mod (n). Because l+ 1 and n are coprime, p = q. 
Lemma 3.3. If n is prime, then there are n2 − 2n pairwise (n− 1)-disjoint transversals in Ln.
Proof. Let (m, i, j) ∈ Ln. By Lemma 3.2, T (i, j)1, . . . , T (i, j)n−2 are transversals that intersect only at the triple (m, i, j). It
follows that these transversals are pairwise (n−1)-disjoint. Furthermore, for i ∈ [n], the transversals T (i, 0)l, . . . , T (i, n−1)l
are pairwise (n− 1)-disjoint for each 1 ≤ l ≤ n− 2. Our goal is to show that the union
n−2
l=1
n−1
j=0
T (i, j)l
is a set of n(n− 2) pairwise (n− 1)-disjoint transversals.
Consider T (i, j)p and T (i, k)q (1 ≤ p, q ≤ n− 2) and suppose that these two transversals overlap in rows i∗ and j∗. Then
j ≠ k and p ≠ q. Furthermore, there are positive integers x, y ∈ [n] such that i∗ ≡ i+x mod (n) and j∗ ≡ i+y mod (n). Then
i+x+ j+xp ≡ i+x+k+xq mod (n) and i+y+ j+yp ≡ i+y+k+yq mod (n). It follows that x(p−q) ≡ y(p−q) mod (n).
Since n and p− q are coprime, x ≡ y mod (n) and so i∗ = j∗. Thus T (i, j)p and T (i, k)q are (n− 1)-disjoint. Hence there are
n(n− 2) pairwise (n− 1)-disjoint transversals in Ln. 
3.2. Main result for n ≥ m
In this section, we look to improve Theorem 1.3 when n is prime. Consider Kmn and Ln and suppose that n ≥ m. As in the
previous section, we wish to find an edge clique cover for Kmn of minimum size (it should be noted that θe(K
m
n ) is already
known; however, our goal is to carefully select an edge clique cover in order to establish an upper bound for k(Kmn )). To this
end we use the following transversals in Ln;
n−2
l=1
n−1
j=0
T (0, j)l
along with the following sets of triples;
R(i) = {(i, i, 0), (i+ 1, i, 1), . . . , (i− 1, i, n− 1)}
and
S(i) = {(i, 0, i), (i, 1, i− 1), . . . , (i, n− 1, i+ 1)}.
For 0 ≤ i ≤ n − 1, we use V i = {v0,i, . . . , vn−1,i} to denote the ith partite set of the vertex set V of Kmn . We also use the
following subsets of V , where 0 ≤ j ≤ n− 1 and 1 ≤ l ≤ n− 2:
Sj,l =

vx,y ∈ V : (x+ y, x, y) ∈ T (0, j)l

Sj,n−1 =

vx,y ∈ V : (x+ y, x, y) ∈ R(j)

Sj,n =

vx,y : (x+ y, x, y) ∈ S(j)

.
Furthermore, we use S to denote the family of sets
S = {Sj,l : 1 ≤ j, l ≤ n}.
Theorem 3.1. Let m and n be positive integers such that n is prime and m ≤ n. The family S is an edge clique cover of Kmn of
minimum size and θe(Kmn ) = n2.
Proof. For 1 ≤ j, l ≤ n, it is clear that the vertices in Sj,l induce a clique in Kmn . We will show that each edge in Kmn is covered
by a clique in S. Let e = (vi,p, vk,q) be an edge in Kmn . If i = k, then e is covered by the clique induced on Si,n−1. So we
may assume that i ≠ k. If (x, i, p), (x, k, q) ∈ Ln, then e is covered by the clique induced on Sx,n. So we may assume that
(x, i, p), (y, k, q) ∈ Ln where x ≠ y. Consider the transversals T (i, p)l for 1 ≤ l ≤ n − 2. Since these transversals intersect
only at (i + p, i, p), there is an l′ such that T (i, p)l′ contains both (i + p, i, p) and (k + q, k, q). Certainly T (i, p)l′ contains a
triple of Ln from the first row of Ln, say cell (z, 0, z). Thus e is covered by the clique induced on Sz,l′ .
By Lemma 3.3, any two cliques in S intersect in at most one vertex. So it follows that S covers each of the
m
2

n2 edges
in Kmn exactly once. Since S covers all edges in K
m
n and since |S| = n2, θe(Kmn ) ≤ n2.
In an edge clique cover of Kmn , wemay assume that each clique containsm vertices. Then there must be at least n
2 cliques
covering the edges of Kmn . Therefore θe(K
m
n ) ≥ n2 and so θe(Kmn ) = n2. 
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Theorem 3.2. Let m > 1 and n be positive integers such that n is prime and m ≤ n. Then
k(Kmn ) ≤ n2 − 2n+ 3.
Proof. Let n be a prime integer and letm ≤ n. The vertices v1, . . . , vmn of Kmn are labeled as follows; for i ∈ [n− 1],
vim+1 = vi,0, . . . , v(i+1)m = vi,m−1.
For each k ∈ [n− 1] there is an index ik such that vik ∈ Sk,n and if vz ∈ Sk,n, then z ≤ ik. From Theorem 3.1, S is a minimum
edge clique cover of Kmn . We label the cliques in S as S1, . . . , Sn2 in which
S0,n−1, . . . , Sn−3,n−1, S0,n, . . . , Sm−3,n, Sm−1,n, . . . , Sn−1,n
are labeled as the last 2n− 3 cliques.
Let D be a digraph with the following vertex and arc set:
V (D) = {v1, . . . , vmn, z1, . . . , zn2−2n+3}
A(D) =
n−2
i=1
{(v, v(i+1)m) : v ∈ Si−1,n−1} ∪
m−3
k=0
{(v, vik+1) : v ∈ Sk,n}
∪
n−1
k=m−1
{(v, vik+1) : v ∈ Sk,n} ∪
n2−2n+3
i=1
{(v, zi) : v ∈ Si}.
The digraph D is acyclic since if (vi, vj) ∈ A(D), then i < j. Furthermore, if the in-degree of v ∈ V (D) is nonzero, then the
in-neighborhood of v is a clique in S. This can be seen by noting that vik+1 ≠ v(i+1)m for each k ∈ [n − 1] \ {m − 2} and
i ∈ [n− 2] \ {0}. Certainly then C(D) = Kmn ∪ In2−2n+3. Therefore k(Kmn ) ≤ n2 − 2n+ 3. 
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